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The process of nonsteady heat transfer in a plane multilayer body is 
investigated for boundary conditions of the third kind. The roots of 
the characteristic equation of the problem are determined by successive 
approximations. 

The p r o b l e m  of the nons teady  t e m p e r a t u r e  f ie ld  in 
a compos i t e  body cons i s t i ng  of l a y e r s  of m a t e r i a l s  
with d i f fe ren t  p r o p e r t i e s  i s  f o r m u l a t e d  as  fo l lows :  
the d i f f e r e n t i a l  equat ion of hea t  conduct ion 

OO~ _ a i a2~i  (i = 1, 2 . . . . .  m); (1)  
o Fo a r OX 2 

the  equa l i ty  of the  t e m p e r a t u r e s  and hea t  f luxes  at the 
b o u n d a r i e s  of the  l a y e r s  

~ i  : 1-~i+1' 

L t O ~}~ a ~+r  

(2) 

L~+~ OX OX ' 
(3) 

the bounda ry  condi t ions  at the  ou te r  s u r f a c e s  

O ~i (0, Fo) = O; 
OX 

(4) 

(5) 

0era (P~, Fo) 
- -  = - -  Bi ~.~ (Pro, Fo); 

O X  

Pi ~ ~ qg, qi = - -  ; 
i=J 6~ 

a n d  t h e  i n i t i a l  c o n d i t i o n  

~, (X, 0) ---- 1. (6) 

In p r i n c i p l e ,  the so lu t ion  of s y s t e m  (1)- (6)  p r e s e n t s  
no m a t h e m a t i c a l  d i f f i cu l t i e s .  The i n t e g r a l  of p r o b l e m  
(1)- (6)  can be  obta ined  on the b a s i s  of ex i s t i ng  ana ly t ic  
me thods  of t h e t h e o r y o f  hea t  conduct ion [1]. However ,  
at m > 1 the  f inal  r e s u l t s  a r e  so c u m b e r s o m e  [2] that  
they  a r e  d i f f icul t  to use  in p r a c t i c a l  ca l cu la t ions .  
M o r e o v e r ,  the c o m p l e x i t y  of the ca l cu la t ions  and the 
end f o r m u l a s  i n c r e a s e s  s h a r p l y  with i n c r e a s e  in the  
n u m b e r  m of l a y e r s  f o r m i n g  the body.  

In many c a s e s  the  method  of s u c c e s s i v e  a p p r o x i m a -  
t ions ,  p r o p o s e d  be low for  inves t iga t ing  s y s t e m  (1 ) -  
(6), m a k e s  p o s s i b l e  the  ef fec t ive  d e t e r m i n a t i o n  of the 
r e q u i r e d  t e m p e r a t u r e  f i e ld  di(X, Fo).  

The g e n e r a l  so lu t ion  of Eq. (1) can be  r e p r e s e n t e d  
in the  fo rm [2] 

~ (X, Fo) 

= ~.] (A,, a cos Ix,, hiX § Bn,i sin Ix,~hiX ) exp ( - -  ll# Fo), (7) 
n = l  

w h e r e  h i = ( a l / a i )  1/z. 
It fol lows f r o m  condi t ion (4) that  the  cons tant  c o e f -  

f i c i en t s  Bn#  = 0; i . e . ,  

~l(X, Fo)=~-~, A~acosix, Xexp(--Ix~Fo ). (7') 
tZ=-] 

If r e l a t i o n  (7) is  subs t i tu ted  into condi t ions  (2) and 
(3), we obtain a s y s t e m  of 2(m - 1) l i n e a r  a l g e b r a i c  
equat ions ,  so lv ing  whieh we find An,i+l and Bn,i+l: 

Here ,  

whe re  

An.i § ~ = an.iA,~.i, (8) 

Bn,~+j : bn,iAn,i. (9) 

an,i = U~,i + k iW, , i  -F cn,i(Pn,i - kiQ~,3; (1O) 

bn.i = Q n , i -  kiPn.i -~ Cn.i (l'~/n.i Jr- kiUn,i), (11) 

Un.i ~- cosix ~ h~pz cos ix,~ hi+~pi; 

Wr/,i  = sin ~,~ hip i sin p,, hi+d~; 

P~.i = sin ix,, hi& cos ix,~ hi+rpi; 

Qn.i = cos Ix,, hip i sin Ix, hi+~pi; 

ki Zl -- ,f~i+t , B~,i . 
- - ) ~ , + 1  ~' "-C1;-" Cn'i=--Ar~,~' Cn'l = 0" 

Obvious ly ,  the coef f i c ien t s  An,i+ 1 and Bn,i+ 1 can  be  
s u c c e s s i v e l y  e x p r e s s e d  in t e r m s  of A n ,  1 : 

i 

An.i,~ ~ An,l H an'i' an,o= 1, 
i=o 

i--I 
Bn.i+t =: An.lbn,i H and. 

i=t) 

(89 

(9') 

The cons tan t s  A n j  mus t  be so def ined t h a t s o l u -  
t ion (7) i s  cons i s t en t  with the in i t i a l  condi t ion  (6); 
i . e . ,  

0 i (X, 0) -- ~ A,. 1%.. (ix~ fliX), (12) 

w h e r e  
i--I 

%.~ = H an j cos ~,~ h~X -]- 
1=0 
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i 2 

+ b,~.i_, I " I  a"' isinp"~hiX' bn.c = O. 
/ = o  

The funct ions  ~i(X, 0) s a t i s fy  the  Di r i ch le t  condi t ions  
and t h e r e f o r e  can be  expanded  in s e r i e s  (12). Mu l t i -  
p ly ing  the l e f t -  and r i g h t - h a n d  s i d e s  of (12) by kig0k,i /  
/ a  i, i n t eg ra t i ng  ove r  the vo lume of each  l a y e r ,  
and s u m m i n g  o v e r  a l l  the  l a y e r s ,  as  a r e s u l t  of the  
o r thogona l i ty  p r o p e r t y  of the  e igenfunct ions  [2, 3] 

~ )~L j ( 9 , , . i % , z d V = O w h e n n d : k ,  

i=1 ai yi 

we obta in  the  fol lowing exp l i c i t  f o r m u l a  fo r  f inding 

An,l : 
Pi m 

i=l ai ' 
An,~ .... 0~-~ , Po = O. 

~'~ ~ , ~  d X 

i~1 ai , 
Pi-I 

Af te r  i n t eg ra t i on ,  we have  

A.,~ 2 _._,.• , v  ( 1 3 )  

w h e r e  

~ i  i - - I  . 

N'n ~ / = I '  a ~ [ ] ~ o  a ' l ' j ( S 1 D ' V n ' i - S ' 1 2 ~ a ' i ) - =  

- -  Dr~,$_l H an, ]  (cos 'vn, ~ - -  cos ~,,,i) , 

i=O 

vn. i = bt,, hiPi; ~,,.~ = p~,, h.iPi-1; 

i--2 

+ b-" ) 
/ = 0  

1 z.-~ i-2 ,) 
( H a 2 . - - b  ~ H a  2 . • n, I n,i--I tz,I 

+ -2  ,;=o j=0 , 

• (sin 2v,~.~ - -  sin 2~.i) + 2a,~,~-lbn.i-1 X 
i--2 

i=o a ,i(sm v.,~--sin"[3,~,8 ] . 

If 

hm F~ (tg ~ h,~p,~ - -  c,,,~) = Bi (1 + c ..... tg ~,  h,~pm), (14) 

so lu t ion  (7) wi l l  s a t i s f y  bounda ry  condi t ion  (5). If we 
expand Eq. (14), subs t i tu t ing  for  the coef f ic ien t  Cn, m 
the e x p r e s s i o n  

bn,m-1 
a . . . .  , ( 1 5 )  

w h e r e  an ,m_ 1 and b n , m -  1 a r e  c a l cu l a t ed  f r o m  (10)and 

(11), we find that  in the  g e n e r a l  c a se  the  r o o t s  #n a r e  
a function of (2m - 1) p a r a m e t e r s .  T h e r e f o r e ,  it  is  
v e r y  di f f icul t  to r e p r e s e n t  the  t r a n s c e n d e n t a l  equa -  
t ion (14) in g r a p h i c a l  o r  t a b u l a r  f o r m  when m > 1. 
The chief  d i f f icul ty  in ca l cu la t ing  the t e m p e r a t u r e  f ie ld  
d e s c r i b e d  by s y s t e m  (1)- (6)  a l so  c o n s i s t s  in d e t e r m i n -  

ing Pn. 
Let us u se  an i t e r a t i o n  method  to find Pn. To th i s  

end, we w r i t e  (14) in the  f o r m  

H e r e ,  

",',~ (tgv~ --c,,,,~) = Bi* (1 + c .... tg v,,). 

v~ = ~,hmp,~; Bi* = Bipm. 

( 14 ') 

The f i r s t  app rox ima t ion  fo r  v n can be obta ined  by 
t ak ing  Cn, m = 0. Then 

~(t) tgVn = Bi*. (16) 

The va lues  of the  f i r s t  s ix  roo t s  of Eq. (16) a r e  
p r e s e n t e d  in the  monograph  [1]. 

(l) 
Using v_ , f r om (15) we compute  the  f i r s t  i t e r a t i o n  

fo r  c~'" '-~. We then find the new, m o r e  a c c u r a t e  value  
of v n f rom the  r e l a t i o n  

(1) (1 + ,~,m ~, ,, ~' ~(#, (tg ~(n ~) - - ~  ,.) = ~i* ~('~ t~ ~(~)' (17) 

Then,  us ing  V(n z), we ca l cu l a t e  the  next  i t e r a t i o n  fo r  
Cn,m f r o m  e x p r e s s i o n  {15). 

By r e p e a t i n g  the p r o c e s s  s e v e r a l  t i m e s ,  we can 
obtain the  value  of the  roo t  v n with any d e g r e e  of a c -  
cu racy .  To s i m p l i f y  the  ope ra t ion  of d e t e r m i n i n g  Vn, 
it  is  convenient  to t abu la te  r e l a t i o n  {14') o r  r e p r e s e n t  
i t  in g r a p h i c a l  f o r m  (figure) .  The a b s c i s s a s  of the 
poin ts  of i n t e r s e c t i o n  of the  c u r v e s  

I + c t g v  
, 9 " l - -  

t g v - - c  

and the s t r a i g h t  l i ne s  

V 

Bi* 

give the  va lues  of vl and v 2. The g r aphs  p r e s e n t e d  in 
the  f i gu re  can be used  to ca l cu l a t e  the t e m p e r a t u r e  
f ie ld  of a body with any n u m b e r  of l a y e r s .  

The  c o m p l e x e s  Un,i,  Wn,i ,  Pn, i  and Qn,i  can a lso  
be  r e p r e s e n t e d  in the fo rm of t a b l e s  {Tables 1 and 2), 
the  use  of which a c c e l e r a t e s  the p r o c e s s  of f inding 
an, i  and b n,i .  

As an e x a m p l e ,  Table  3 p r e s e n t s  the r e s u l t s  of a 
computa t ion  of the f i r s t  two r o o t s  ~1 and Pz for  a two-  
l a y e r  s y s t e m .  The s a m e  t ab le  inc ludes  va lues  of t h e s e  
roo t s  obta ined  by g r a p h i c a l  solut ion of the  c h a r a c t e r -  
i s t i c  equat ion 

I~ h (k 1 tg ~ + tg F hq) = Bi (1 - -  k i tg p t 8 ~ hq~j 

k , = ~  5 ;  a =  ; q =  ~1'  (18) 

which i s  va l id  in the  c a s e  of a t w o - l a y e r  body [1]. 
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Table  3 

Values  of the F i r s t  Two Roots of C h a r a c t e r i s t i c  Equation (14') for  

Bi = 0.8. k 1 = 0.5, h = 2.0, q = 0.25, m = 2 

N o .  o f  o p e ra -  c l ,  m ~ l  ~ c2. m ~'~ ~'-"- 
ace.  t o  ( 1 S )  acc. t o  ( 1 4 ' )  ace.  to  (18)  t i o n  ace.  t o  ( 15 )  acc.  t o  ( 1 4 ' )  ace .  to ( I8)  

~176 1 0.561 
2 0.855 
3 1.002 
4 1.069 

0.344 
0.482 
0.538 
0.562 
0.572 

0.579 

0 
66.894 

--10.936 
--8.474 
--7.996 

1.370 
1.960 
2.000 
2.010 
2.013 

2.014 

Y,;Yz 

l.& 

/.0 

O.5 

o ! 2 3 4~ 5 

G e o m e t r i c  r e p r e s e n t a t i o n  of c h a r a c t e r i s t i c  equat ion (14'). 

NOTATION 

~i(X, Fo) -- T m - Ti(X, F o ) / ( T  m - To) is the d i -  
m e n s i o n l e s s  t e m p e r a t u r e  of the i - t h  body; T m is  the 
t e m p e r a t u r e  of the medium;  To is the in i t ia l  t e m p e r a -  
t u re  of the sys tem;  X = x/51 is  the d i m e n s i o n l e s s  

coordinate ;  Fo = al~-/5 ~ i s  the F o u r i e r  number ;  Bi = 
= ~ S i / k m  is  the Blot number ;  5 i i s  the th ickness  of 
the i - th  body; h i and a i a r e  the t h e r m a l  conduct iv i ty  
and t h e r m a l  di f fus ivi ty  of the i - th  body; ~ is the heat -  
t r a n s f e r  coeff ic ient ;  �9 i s  the t ime .  
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