NONSTEADY HEAT CONDUCTION IN A LAYERED MEDIUM
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The process of nonsteady heat transfer in a plane multilayer body is
investigated for boundary conditions of the third kind. The roots of
the characteristic equation of the problem are determined by successive
approximations.

The problem of the nonsteady temperature field in
a composite body consisting of layers of materials
with different properties is formulated as follows:
the differential equation of heat conduction
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and the initial condition
(X, O)=1. (6)

In principle, the solution of system (1)—(6)presents
no mathematical difficulties. The integral of problem
(1)—(8) can be obtained onthebasis of existing analytic
methods of thetheory of heat conduction [1]. However,

" at nmi > 1 the final results are so cumbersome (2] that
they are difficult to use in practical calculations.
Moreover, the complexity of the calculations and the
end formulas increases sharply with increase in the
number m of layers forming the body.

In many cases the method of successive approxima-
tions, proposed below for investigating system (1)—
(6), makes possible the effective determination of the
required temperature field ¢i(X, Fo).

The general solution of Eq. (1) can be represented
in the form (2]

9, (X, Fo) =
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where hj = (al/ai)l/z.
It follows from condition (4) that the constant coef-
ficients By ; = 05 i.e,,

8, (X, Fo) =Z Anycosp, X exp(—p2Fo). (7
n=|
If relation (7) is substituted into conditions (2) and
(3), we obtain a system of 2(m — 1) linear algebraic
equations, solving which we find Ap j+; and By j+¢

An,ivy = @niAni, (8)
Bpivy = bn,iAn . (9)
Here,
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where

Un.i = cosp, hip; cos o, hpapy;
Wy, = sinw, Ap; sinp, h.p5
Py ;= sinp, hyp; cos w, AP
Qu.i = cos p, hyp;sinp, b ap;;
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Obviously, the coefficients Ap j+; and By j+1 can be
successively expressed in terms of Ay ;:

A/z.ffl = A, n Qn,jy An,o = 1, (8')
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The constants 'An,I must be so defined that solu-
tion (7) is consistent with the initial condition (6);
i.e.,
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The functions ¢i(X, 0) satisfy the Dirichlet conditions
and therefore can be expanded in series (12), Multi-
plying the left- and right-hand sides of (12) by Ajgk i/
/ai, integrating over the volume of each layer,
and summing over all the layers, as a result of the
orthogonality property of the eigenfunctions [2, 3]
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we obtain the following explicit formula for finding
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After integration, we have

X JV
Ay =2 —2—, (13)
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solution (7) will satisfy boundary condition (5). If we
expand Eq, (14), substituting for the coefficient Cn,m
the expression

by
c — n.m-1 ,

nm
Qp.m-1

(15)

where ap -y and by py-; are calculated from (10)and

(11), we find that in the general case the roots uy are
a function of (2m — 1) parameters, Therefore, it is
very difficult to represent the transcendental equa-
tion (14) in graphical or tabular form when m > 1.
The chief difficulty in calculating the temperature field
described by system (1)=(6) also cons1s1:s in determin-
ing pn.

Let us use an iteration method to find p,. To this
end, we write (14) in the form

(14"
v, (tgv, — ) = Bi*(l + ¢, . 1gv,).
Here,
Vo= U, hpy Bi* = Bip,.

The first approximation for v, can be obtained by
taking cp ;m = 0. Then

viD tgvit) = Bi*. (16)

The values of the first six roots of Eq. (16) are
presented in the monograph [1].

Using Vg , from (15) we compute the first iteration
for c(1 )m We then find the new, more accurate value

of vy from the relation

vt —cfl)) =B (1 ity A7)

Then, using v(Z), we calculate the next iteration for
cn,m from expression (15).

By repeating the process several times, we can
obtain the value of the root v, with any degree of ac-
curacy. To simplify the operation of determining vy,
it is convenient to tabulate relation (14" or represent
it in graphical form (figure). The abscissas of the
points of intersection of the curves

1+ctgwv
h=
tgv—c
and the straight lines
hY
#= B

give the values of vy and v,. The graphs presented in
the figure can be used to calculate the temperature
field of a body with any number of layers.

The complexes Uy j, Wp j, Pp i and Qq i can also
be represented in the form of tables (Tables 1 and 2),
the use of which accelerates the process of finding
an,i and by 5.

As an example, Table 3 presents the results of a
computation of the first two roots p; and p, for a two-
layer system. The same table includes values of these
roots obtained by graphical solution of the character-
istic equation

phk tep +tgphg) = Bi(l — & tgp e phg),

A .E. / al 8
k= P a h—] a, ——1‘, (18)

which is valid in the case of g two-layer body [1].
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Table 3

Values of the First Two Roots of Characteristic Equation (14" for
Bi= 0.8, k;= 0.5, h = 2.0, g =025 m=2

No. of opera- cm ! Py e 3m Bz Y2
tion acc. to (15) l ace. to (147) | acc.to (18) | acc.to (15) | acc.to (14°) jacc.to(18)
0 0 0.344 0 1.370
1 0.561 0.482 66.894 1.960
2 0.855 0.538 0.579 —10.936 2.000 2.014
3 1.002 0.562 —8.474 2.010
4 1.069 0.572 —7.996 2.013
Yi%
! 20
25
20 55 { 35
2 55|
7 00
00 o
.2 R
5 \ s
2 \ zg-&Q
N )
\\ 5 SR%
S
10]
5
Bitsn
§ N
3 4 5 ¥

Geometric representation of characteristic equation (14",

NOTATION )

#(X,Fo) = Ty, — Ti(X, Fo)/(Ty, — Ty) is the di-
mensionless temperature of the i-th body; Ty, is the
temperature of the medium; T, is the initial tempera-
ture of the system; X = x/§ is the dimensionless
coordinate; Fo = ayr/é% is the Fourier number; Bi =
= @dy/\p is the Biot number; 6 is the thickness of
the i-th body; Aj and a; are the thermal conductivity
and thermal diffusivity of the i-th body; @ is the heat-
transfer coefficient; 7 is the time.
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